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THE (2,3)-GENERATION OF THE CLASSICAL SIMPLE 
CROUPS OF DIMENSION 6 AND 7 

MARCO ANTONIO PELLEGRINI 
Dedicated to M. C. Tamburini on the occasion of her 70th birthday 


Abstract. In this paper we prove that the finite simple groups PSpg(g), D, 7 (q) 
and PSU 7 (g^) are (2, 3)-generated for all q. In particular, this result completes 
the classification of the (2, 3)-generated finite classical simple groups up to 
dimension 7. 


1. Introduction 

Given a finite group, it is very natural to ask for a minimal set of generators. 
For finite non-abelian simple groups it is well known that they can be generated 
by a pair X, Y of suitable elements: for alternating groups this is an old result of 
Miller for groups of Lie type it is due to Steinberg [TB] and for sporadic groups 
to Aschbacher and Guralnick [2]. 

Since non-abelian simple groups have even order, on many occasions group the¬ 
orists require that one of these two elements, say X, is an involution. It was 
conjectured (for example, see [5]) that every finite non-abelian simple group can 
be generated by an involution X and an element Y of order > 3. For alternat¬ 
ing and sporadic groups the answer was already provided in [12] and |2], respec¬ 
tively. Groups of Lie type attracted the interest of many authors: among them, 
Malle, Saxl and Weigel proved in [10] the validity of the conjecture (at least for 
G ^ PSU3(9)), taking Y to be strongly real. Their result clearly implies that every 
finite non-abelian simple group different from PSU3(9) is generated by a set of three 
involutions. For G = PSU3(9) a direct computations shows that this group can be 
generated by an involution and an element of order 7. 

Gonsidering simple groups of Lie type, one can require, for instance, that Y is 
contained in few maximal subgroups, as done for instance in [6], or that the order 
of F is a prime. In particular we say that a group is (2,p)-generated if it can be 
generated by two elements A, Y of respective orders 2 and p, where p is a prime. 
Since groups generated by two involutions are dihedral, we must have p > 3. It 
seems that the difficulties increase when one investigates the (2, p)-generation for 
some fixed small prime p. The choice p = 3 is the most natural, since (2,3)- 
generated groups are, along with the groups of order at most 3, the homomorphic 
images of PSL 2 (Z). 

A key result for this kind of problem is due to Liebeck and Shalev who proved 
in [7] that, apart from the infinite families PSp4(2™), PSp4(3'") and ^i?2(2^"‘“''^), 
all finite non-abelian simple groups are (2, 3)-generated with a finite number of 
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exceptions. However, their result relies on probabilistic methods and does not 
provide any estimates on the number or the distribution of such exceptions. The 
exceptional groups of Lie type were studied by Liibeck and Malle [S] and so the 
problem of finding the exact list of simple groups which are not ( 2 ,3)-generated 
reduces to the classical groups where it is still wide open (see Problem 18.98 in 
m)- In view of papers such as [HI EH [23], we have to consider only groups of 
small dimension, say, less than 13 for PSL„(g) and less than 88 for the other classical 
groups. 

In [S], Macbeath dealt with the groups PSL 2 (g). For classical groups of dimension 
3 and 5 the groups which are not (2,3)-generated are described in [M] and for 
dimension 4 in [16) . 

With this paper we conclude the classification of the (2, 3)-generated finite clas¬ 
sical simple groups up to dimension 7. The (2, 3)-generation of SL 6 (q), SL 7 (( 3 ') and 
SU 6 (g^) (and their projective images) for all q was proved in [ 12 ], [ 10 ] and m, 
respectively. When q is odd, the symplectic groups Spg(g) are not (2,3)-generated 
(see [26]), but the simple groups PSpg(q) are (2,3, 7)-generated for g > 3 (see 
[24]) and PSpg(3) is (2,3)-generated, for instance, by the projective images of the 
following matrices: 
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The remaining cases, studied in this paper, are the groups Spg(g) for q even, i} 7 {q) 
for q odd and SU 7 (q^) for all q (our notation for the classical groups accords with 
HI)- Observe that among these classes of groups only PSU 7 (p"’’), for any prime 
p ^ 7 such that its order 777 modulo 7 is even, are ( 2 , 3, 7)-generated, see [TKl [2T] . 

From Theorems 12.5113.8113.121 and Propositions 13.71 and 13.111 below, we deduce 
the following. 

Theorem. The finite simple groups PSpg(( 7 ), itr^q) andPSUy^q'^) are (2,3)-pene- 
rated for all q. 

We point out that there are only 8 exceptions for simple classical groups of 
dimension < 7. To our knowledge the only exceptions in higher dimension are (2) 
and PH^(3) (M. Vsemirnov, 2012). Furthermore, our generators were constructed 
in a uniform way starting from the generators provided in [14] and following the 
inductive method described in [T^. The idea is to construct the (2,3)-generators 
of dimension n from those of dimension n — 1. In fact, dimensions 6 and 7 can be 
considered the basis of this induction process for what concerns unitary, symplectic 
and odd dimensional orthogonal groups in any characteristic. 

Throughout this paper, for any fixed power q of the prime p, Fg denotes the finite 
field of q elements and F is its algebraic closure. Furthermore, the set {ei, 62 ,..., e„} 
is the canonical basis of F". For a description of the maximal subgroups of the low¬ 
dimensional classical groups we refer to [3]. Finally, w is an element of F of order 
3 if p ^ 3, w = 1 otherwise. 
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2. The groups Sp(6,(7), q even 

In order to prove the (2, 3)-generation of the groups Spg((7) for q even, we first 
construct our pair x,y of (2, 3)-generators. Take a S F*, with q even, and define 
H = {x, y) where 
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Observe that x^ = y^ = I and that H < SpQ{q) since they fix the following Gram 
matrix (that is, x'^ Jx = y"^Jy = J = J^): 

/O 1 00 0 0\ 

1 0 0 a a-t 1 1 

0 0 0 1 0 0 

“ 0 a 10 1 1 ■ 

0 a+1 0101 

\ 0 1 0 1 1 0 / 

The invariant factors of x and y are, respectively, 

(2) -I-1), -I-1), + and -I-1), -I-1). 

The minimum polynomial oi z = xy coincides with its characteristic polynomial 

(3) Xz(^) = + (n + {a 1. 


Proposition 2.1. The subgroup H is absolutely irreducible. 

Proof. It suffices to prove the irreducibility of H viewed as a subgroup of Spg(F) 
where F denotes the algebraic closure of Fg (so the parameter a in ([ij is an element 
of F*). Suppose that W T is an i?-invariant subspace oi V = F®. Observe 
firstly that for all u S T the vector v yv + y'^v always belongs to the subspace 
U = (ci, 62 - 1 - 066 ). So assume that, for some w € IT, we have u = w + yw + y'^w 0 
(hence 0 u G IT O [/). We will show that this implies the absurd IT = T. 

Let u = (xi,X2, 0,0,0, 0 x 2 )^ yf 0. Replacing, if necessary, w by a suitable scalar 
multiple, without loss of generality, we may assume that either (a:i,a; 2 ) = (1,0) or 
X 2 = 1. If (a;i,a; 2 ) = (1,0), then the matrix Mi, whose columns are 

Ml = (^u \ XU \ yxu I xyxu \ {yx)^u \ x{yx)^u) , 

has determinant o 7 ^ 0 and hence the iL-submodule generated by u is the whole 
space V, contradicting the fact that it is contained in the proper subspace IT. If 
a ;2 = 1 , then, the matrix M 2 , whose columns are 

M 2 = {u\ xu\ yxu I xyxu \ xy'^xu \ y^xu) , 

has determinant a®(a;i-|-o-|-l)^ which is non-zero if Xi 7 ^ o-l-l. In this case, as before, 
the iL-submodule generated by u is the whole space V, producing the contradiction 
V < W. So assume further that xi = a-|- 1. In this case, if a has order 3 we obtain 
the absurd V = {u, xu, yxu, xy^xu, {yx^u, {xyYyxu) < W and for the other choices 
of a 7 ^ 0 we get the absurd V = {u, xu, yxu, y^xu, xy^xu, yxy^xu) < W. 
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Hence, we proved that W C\U = {0} or, in other words, that all the elements w 
of W satisfy the condition 

(4) w + yw + y'^w = 0 

It follows that every element w oi W has shape w = (ti, 0,xa,a; 4 ,ccs,xi + ccs)^. 
Fix a such w G W. Since also xw G W satisfies condition (H]), we obtain X 4 = 0 and 
x^ = xi+ ax^. Next, considering xyxw G bF we get xi — 0 and {a? + a + l)a ;5 = 0. 
Finally applying condition (|3]) to {xy)^xw G VF we obtain (a + l)a ;5 = 0, whence 
X 5 = 0 and so w = 0 (i.e., W = {0}). □ 

Now, we want to analyze when H is contained in a maximal subgroup of Spg(( 7 ). 
For a description of these subgroups, see [S] Tables 8.28 and 8.29]. 

Lemma 2.2. The subgroup H is not monomial. 

Proof. Let B = {ui,...} be a basis on which H acts monomially. Considering 
transitivity and canonical forms the permutation induced by x is the product 
of three 2-cycles. Furthermore, we may assume 

V 2 = yvi, V 3 = yv 2 , V 4 = xvi, V 5 = yv 4 , vq = yv^. 

We have the following cases. 

(i) XV 2 = Aus and xv^ = yvQ. In this case, Xxy(t) = -|- I, in contradiction 

with ([3]). 

(ii) XV 2 = Xvq and XV 3 = fiv^. In this case Xxy{t) = + > 4 ji+p _^^4 _|_ 

Comparison with JS]) gives a contradiction. 

(hi) XV 2 = Alia and aiiig = plvq. In this case + 

(A -I- y)t + I. Once again, we obtain a contradiction with ([3]). 

□ 

Lemma 2.3. The subgroup H is not contained in an orthogonal group SOf{q). 

Proof. Suppose that H < SO^(q) and let Q be a quadratic form fixed by H. This 
means that for all v G F®, Q{xv) = Q{v) and Q{yv) = Q{v). Recall further that 
Q{vi + V 2 ) + Q{vi) + Q{v 2 ) = uf JV 2 . 

From ( 5 ( 65 ) = Qixe^) = (^(es -I-aeg), Q(eg) = Q{yee) = (^(es) and Q(ei) = 
Q{xei) = < 5 ( 63 ) we get respectively (5(eg) = 1/a, Q(e 5 + ee) = 1 and Q(ei-|-e 3 ) = 0. 
Now, ( 3 ( 64 ) = < 3 ( 2 / 64 ) = Qiiei + 63 ) -I- (64 -I- 65 )) implies < 3 ( 64 ) = <3(ei + 63 ) -I- 
< 3(64 -I- 65 ) -I- 1 = < 3 ( 64 ) + < 3 ( 65 ) + 1 + 1, whence 0 = < 3 ( 65 ) = <3(66) = 1/a, a 
contradiction. □ 

Lemma 2.4. The subgroup H is not contained in a subgroup M isomorphic to 

G2{q). 

Proof. We first observe that the discriminant of the characteristic polynomial of 
z = xy is 1 and so the eigenvalues of z are pairwise distinct. Suppose that H is 
contained in a subgroup M = G 2 {q). We may embed iL in © = (i? 2 (F) and by 
the previous observation z is a semisimple element of ©, that is, it belongs to a 
maximal torus of ©. By [1], z is conjugate to s = diag(a,/3, a/3, /3“^, (a/3)“^) 

where a,/3 G F*. Let Xsit) = + 1 be the characteristic polynomial 

of s. It is easy to see that /s = //. Comparison with (jS]) gives 1 = (a + 1)^, that is 
a = 0. □ 
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Theorem 2.5. Take x,y as in o, with a £ ¥*, q even, such that Fp[a] = Fq. 
Then H = {x,y) = Spg((?). In particular, the groups Spg( 9 ) are (2,3)-generated for 
all q. 

Proof. We already observed that H < Spg(g). Let M be a maximal subgroup of 
Spg((?) which contains H. By Proposition 12.11 H is absolutely irreducible and so 
M 0 Cl U C 3 . Moreover M cannot belong to C 2 by Lemma [221 Since a + 1 is a 
coefficient of the characteristic polynomial of z, the assumption Fp[a] = F^ implies 
that the matrix 2 : cannot be conjugate to elements of Spg(( 7 o) for any q^ < q. Thus 
M ^ C 5 . By Lemmas 12.31 and 12.41 M cannot be in Cg U S. We conclude that 
iL = Spg((7). □ 


3. The 7-dimensional classical groups 


In order to prove that the groups 8117 ( 9 ^) and ^^{q) are (2, 3)-generated, we 
provide a pair of uniform generators. Consider the following matrices: 
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where either 

( 6 ) 


& = a S Fq and H < SL 7 (q) 


or 


( 7 ) 


b = a‘^ G Fq 2 and H < SL 7 (q^). 

The invariant factors of x and y are respectively 

( 8 ) (t + 1 ), (t^ — l), — 1 ), — 1 ); (t^+t + 1), (t^+t + 1 ), — 1 ), 

and the characteristic polynomial oi z = xy is 

(9) Xxyit) =f-t^-\-{l- a)t^ + (& - l)t^ + - 1. 

Lemma 3.1. If H is absolutely irreducible, then the characteristic polynomial Xzit) 
of z coincides with its minimum polynomial. Furthermore, under hypothesis we 
have H < SOr{q) and under hypothesis ([7]) we obtain H < SU 7 (g^). 

Proof. We have dim C{x) = 25, dim C{y) = 19 and dim C{z) = 7. From the 
Frobenius formula, it follows that z has a unique invariant factor, whence our first 
claim. In particular, the triple {x, y, z) is rigid (see [IS]) and by HSl Theorem 3.1] 
we obtain H < 807 ( 9 ) when ([6]) holds and H < 8117 ( 9 ^) when ([7|) holds. □ 

Proposition 3.2. Take x,y as in ®. Then the subgroup H = {x, y) is absolutely 
irreducible if and only if the following conditions hold: 

(i) — a 6 + 6 ^ + 2a + 25 + 4 = ~ 7 ^ 0; 

(ii) (a + 5)^ — 8 (a + 5 — 2)^ — Sab 7 ^ 0. 
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Proof. We consider the irreducibility of H viewed as a subgroup of SL7(F) (so the 
parameters a, 6 in ([ 5 |) are elements of F). 

First, assume that b = —oj^a + 2 uj^^ for some j = 1 , 2 and consider the element 
w = (a + 1 , ——l) ^ 0 . We have yw = and xw = —w. 

Thus W = (w) is a 1 -dimensional Ff-invariant subspace oiV = F^. 

Next, assume that [a + b)^ — 8 (a + h — 2)^ — 8 a 6 = 0. If p = 2, then a = b. 
Taking w = (1,1,1,1,1,1, 0)^, the subspace {w,yw,xyw,yxyw,{xy)‘^w,y{xy)^w) 
is Ff-invariant. Assume p ^ 2. If a = 6 = 2, then consider w = (1,1, 2, 2,1,1, 0)^; 
the subspace {w,yw,xyw,yxyw) is _ff-invariant. If (a, &) ^ (2,2), taking w = 
{xi,xi,X 2 ,X 2 ,X 3 ,X 3 , 0 )^, where xi = _ (°+^) - 6 a-iob+i 6 ^ = 26 — 4 and X 3 = 

a + b — 4, we obtain that w ^ 0 and the subspace {w, yw) is FI-invariant. 

Now, assume that Conditions (i) and (ii) both hold and let W ^ V be an H- 
invariant subspace of V. Straightforward calculation shows that, for all u G C, the 
element v + yv + y'^v = {I + y + y^)v always belongs to the subspace (ei). On the 
other hand, note that 

(10) xei = 62, ye2 = 63, xe3 = 64, ye^ = 65, 0:65 = ee, yes = 67. 

It follows that if for some w G IF we have u = w + yw + y'^w 0 , then the 
il-submodule generated by u is the whole space F, in contradiction with the as¬ 
sumption IF 7^ F. Hence, every element rc of IF satisfies the following condition: 

(11) w + yw + y^w = 0. 

We will show that this condition implies IF = { 0 } 

Case (a). Suppose that w + xw = 0 for all w G IF. Then all vectors in IF have 
shape (a;i, —0(2:5 + 2:5) — 2:1,2:3, -2:3,2:5,2:6,2:5 + 2:5)^. We fix a non-zero w G IF. 
From yw + xyw = 0 and y'^w + xy^w = 0 we see that expression (i) must be 0 , a 
contradiction. 

Case (b). There exists w G IF such that w-\-xw 7 ^ 0. Then rJ + 2 ;I(J = w has shape 
( 2 : 1 , 2 : 1 , 2 : 3 , 2 : 3 , 2 : 5 , X 5 ,0)^. Condition dTlT) gives 20:3 = 22:1 + 02 : 5 , with c = a + 6 — 2 . 
Suppose p = 2. If c = 0 (that is a = 6 ), expression (ii) is 0, a contradiction. If 
c 7 ^ 0, then 2:5 = 0 and application of (fTTl) to xyw and to {xy)‘^w, which are in IF, 
leads to IF = {0}. Thus p 7 ^ 2, 2:3 = 2:1 + 12 : 5 . After this substitution. Condition 
(EU applied to xyw gives 

( 12 ) (c — 2)2:1 = + 3 a + 56 — 8^ X5. 

Assume c = 2 (that is 6 = 4 — a). Then (a — 2 )x5 = 0 . If a = 2 (and so 6 = 2 ), 
then expression (ii) is 0 , a contradiction. If o 7^ 2 , we get X5 = 0 . In this case, 
applying (fTTll to {xy)‘^w G IF, we obtain IF = { 0 }. Assume c 7^ 2 . Using (fT^ to 
eliminate xi and applying (HI) to (xy)‘^w, we see that expression (ii) must be 0, a 
contradiction. □ 

Lemma 3.3. Assume H absolutely irreducible. If (xy)^ is a diagonal matrix, then 
k > 13 . 

Proof. For k < 3 our claim follows from (|T0|) . Let D(k) = {xy)^. For k = 4,5,6 
we have D{k) 3^2 = ±1 and for fc = 7 we have D{k) 3 ^i = 1. If A: = 8 , we obtain 
- 0 ( 8)34 = a — 2, but for a = 2 we get D{ 8 )r ,2 = -I- For k = 9, 11 ( 9)74 = —2a + 3 
and hence p 7 ^ 2. In this case, a = | yields 11 ( 9)74 = —1. For k = 10,11,12, we 
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have £>(10)3,4 = £>(11)3,2 = £>(12)3,1 = (2 — a){a + 2b — 5). Assume first a = 2. 
For k = 10 , 12 , we obtain £>(10)5,3 = £*(12)6,4 = 2 — 5 , whence b — 2. However, by 
ProDOsition l 3 . 2 f iii. H is reducible. For fc = 11 we have £>(11)7,1 = 2 ( 5 — 2 ). If 5 = 2 , 
as before, H is reducible and if p = 2 we get £>(11)2,1 = 1 - Assume now a = 5 — 25 . 
In this case, £>(10)3,5 = 1 —^, however 5=1 leads to £>(10)4,1 = 7 and £>(10)4,7 = 5 . 
Moreover, £>(11)3,4 = £>(12)3,2 = (5 — 2)(95 — 13 ). We can exclude 5 = 2 (which 
implies a = 1 ), since this produces the contradiction £>(11)1,4 = £*(12)i,4 = 1 . So, 
take 95 = 13 (p 7^ 3 ). We obtain the contradiction £>(11)3,5 = £*(12)5,7 = |- D 

We want now to prove that H , when absolutely irreducible, is not contained in 
a maximal subgroup of ^ 7 ( 5 ) or of SU 7 (( 7 ^). We refer to [31 Tables 8.37, 8.38, 8.39 
and 8.40]. 

Lemma 3.4. Assume H absolutely irreducible. Then H is not monomial. 

Proof. Let {ui,..., U 7 } be a basis on which H acts monomially and transitively. We 
may then assume that yvi = V 2 , yv 2 = U 3 , yv^ = vi, yv^ = U 5 , yv^ = vq, yve = V 4 . 
However, this is in contradiction with the invariant factors (| 8 ]) of p. □ 

Lemma 3.5. Assume H absolutely irreducible. Then H is not conjugate to any 
subgroup of type Z X PSU3(3), where Z consists of scalar matrices. 

Proof. It suffices to notice that elements of PSU 3 ( 3 ) have order 1, 2, 3,4, 6 , 7 ,8 or 
12 and apply Lemma 13.31 □ 

Lemma 3.6. Assume hypothesis ([5]) and H absolutely irreducible. Then H is not 
contained in a subgroup M isomorphic to Spg(2). 

Proof. Firstly, notice that the commutator between two elements of Spg(2) of order 
respectively 2 and 3 has order 7. So, if iL < M, then [a;, y] must have order 7. Set 
£> = [x^yY . Since we are assuming 5 = a, we obtain £> 7,1 = (a — 2)^(1 — a). 
However, for o = 1, 2 the subgroup is reducible by Proposition 13. 2l iil. □ 

We can now prove the (2,3)-generation of 8117 ( 9 ^). 

Proposition 3.7. The group SU7(4) is {2,3)-generated. 

Proof. Take the following two matrices of SL 7 ( 4 ): 
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Then = y^ = 1. Moreover, x'^x°' = = I (cr is the automorphism of SL 7 (( 7 ^) 

defined as ( 01 , 7 ) !->■ {<^1 j)) and so H = {x, y) < SU 7 ( 4 ). Assume that H is contained 
in some maximal subgroup M of G. Since g = {xy^xy)^{xy^)^ has order 43, then g 
can be contained only in a maximal subgroup of class C 3 : M = : 7. However, 

\M\ = 7-43 and so x ^ M. Hence, H = SU 7 ( 4 ). □ 

Theorem 3.8. Take x,y as in with a S Fq 2 \ Fq and suppose that 

(i) - a«+i + a2 + 2a« + 2o + 4 7 ^ 0; 
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(ii) (a + a'^)^ — 8(a + a'^ — 2)^ — 80^+^ ^ 0 , when p is odd; 

(iii) F ,2 = Fp[a'^]. 

Then H = {x,y) = S\Jr{q‘^). Moreover, if ^ 2^, then there exists a € F *2 
satisfying conditions (i) to (iii). In particular, the groups 8117 ( 9 ^) and PSU 7 (< 7 ^) 
are ( 2 ,i)-generated for all q. 

Proof. By Conditions (i) and (ii), H is absolutely irreducible. From Lemma 13.11 
it follows that H < SU 7 (( 7 ^). Let M be a maximal subgroup of SU 7 (( 7 ^) which 
contains H. Since H is absolutely irreducible, M 0 Ci UC 3 . Moreover M cannot 
belong to C 2 by Lemma 15^ Since z® is not scalar by Lemma 15751 we may apply [T51 
Lemma 2 . 3 ] to deduce that M ^ Cg. We have Fp[a’^'^] = Fp[a^] = F,j 2 , by (iii). Since 
a'^ — 1 is a coefficient of the characteristic polynomial of z, the matrix 0 cannot be 
conjugate to any element of SL 7 (go)-^, with q^ < q^ and Z the center of 8 X 17 ( 9 ^). 
Thus M ^ C 5 . Finally, M cannot be in class S by Lemma [ 3.51 (recall that we are 
taking a 7 ^ a'^). We conclude that H = 8 X 17 ( 9 ^). 

As to the existence of some a satisfying all the assumptions when q > 2, any 
element of F *2 of order q^ — 1 satisfies (iii) by Lemma 2.3 of [14]. The elements 
in F *2 which do not satisfy either (i) or (ii) are at most 3q + 2q = 5q. If g > 16, 
there are at least 5g + 1 elements in F *2 having order — 1 (use [lU Lemma 2.1] 
for g > 127 and direct computations otherwise), whence the existence of a. For 
3 < g < 13, we may take a with minimum polynomial ma{f) over Fp as in the 
following table. 


g ma{t) 

q 

ma{t) 

g rna{t) 

3,13 t^ + t-2 

7 t‘^ + t + 3 

4,9 

8 

- 1 

1 ® + 1 + 1 

5,11 f^+t-3 


Then a satisfies (i), (ii) and (iii) and hence H = SU 7 (g^) for all g > 2. □ 

We now prove the (2,3)-generation of fl 7 (g) for g odd. 

Lemma 3.9. Assume hypothesis with q odd. Then H is contained in Tli{q) if 
and only if a — 1 is a square in F*. 

Proof. In Proposition 13.11 we already proved that H < SOr{q). Furthermore, since 
y = y~‘^, we have that H < 117 (g) if and only if a; G 117 (g) if and only if the 
spinor norm of a; is a square in F* (for example, see [251 Theorem 11.51]). Set 14 = 
Im{x — Id). It is easy to see that {ei — 62,63 — 64 , eg — eg, —a(ei +e 2 ) + e 5 + eg + 2 e 7 } 
is a basis of I 4 . The Wall form of x (see [25l page 153]) with respect to this basis 
is given by the following matrix 


( 

0 

2 a 

4- 

-4a 

0 

— 2 a 

0 

4- 

- 2 a 

2 a 

0 

-4 

2 a^ 

— 2 a 


yd — 4a 4 — 2a 2a^ — 2a 4a — 4 — 2a^ J 

whose determinant is I6(a — 2)^(a — I)(a + 2)^. By page 163] x G fl 7 (g) if and 
only if a — 1 is a square in F*. □ 

Lemma 3.10. Assume hypothesis ([5]) and q odd. If a 7 ^ 1, 2 then H is not contained 
in a subgroup isomorphic to G' 2 (g)- 
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Proof. Since we are assuming b = a, the characteristic polynomial oi z = xy is 

(13) Xz{t) l)t^ + (a - l)t^ + - 1, 

and the characteristic polynomial oi w = [x, y] is 

(14) Xwit) =t^ + t^ +t^ - (a^ - 4a + + (a^ - 4a + 3)t^ - - t - 1. 

The discriminants of Xz(t) and Xwit) are, respectively, (a — l)(a — 5)^(27a^ — 4a — 
148)^ and (a — 2)®(a + 2)^(a — 6)^(27a^ — 108a + 76)^. Suppose that H is contained 
in a subgroup M = G 2 {q). Hence we may embed iJ in © = 6 * 2 (F). 

Assume first that a ^ 5 and 27a^ — 4a — 148 ^ 0. Then, the eigenvalues of z 
are pairwise distinct and so z is a semisimple element of ©, that is, it belongs to a 
maximal torus of ©. By [T] z is conjugate to s = diag(l, a, /3, a/3, a“^, /3“^, (a/3)“^) 
where a, /3 G F*. Let Xs(t) = be the characteristic polynomial of s. 

It is easy to see that /a = fi+ff+f 2 - Comparison with (IT^ gives (a—1) = O+O^+l, 
in contrast with the hypothesis a ^ 2 . 

Consider now the case a = 5 (and so p ^ 3). For this value of a, the discriminant 
of Xw(t) is —3®7^211^ and so, if p ^ 7, 211, ui is a semisimple element of ©. Pro¬ 
ceeding as for z, we get the contradiction 8 = —1 -I- (—1)^ -I- (—!)■ If p = 7, 211 we 
consider the element wz. We get Xwz{t) = t^-l-3t® —16t^ —82t^-|-82t^-|-16t^ —3t —1, 
whose discriminant is non-zero. Hence wz is a semisimple element of ©, bnt we 
obtain the contradiction 82 = —3 -I- (—3)^ -I- 16. 

Next, suppose that a is a root of 27a^ — 4a — 148. We show that for these values 
of a, the discriminant of Xw{t) is non-zero, except when p = 53 and a = —6. First, 
notice that for a = —2 we get the contradiction p = 2 and a = 6 implies p = 5, 
whence a = 1. So, assume that a is a root of 27a^ — 108a -I- 76. This gives the 
conditions p = 5, 53 and a = y|. However, for p = 5 we get the contradiction a = 1. 

Assume p = 53 and a = 47. In this case, Xwz^ (t) = + 14t® -I- 25t® -|- — 

25t^ — 14t — 1 has non-zero discriminant. Hence, wz'^ is a semisimple element of 
© but this gives the contradiction —6 = —14 -|- (—14)^ — 25. In the other cases, w 
is a semisimple element of © and this produces the contradiction (a^ — 4a -|- 3) = 
— 1 -I- (—1)^ — 1, that is, a = 2. □ 

Proposition 3.11. The groups ^ 7 ( 3 ) and H 7 ( 5 ) are {2,3)-generated. 

Proof. It suffices to take the following matrices of SL 7 (p) for p = 3, 5: 


/ 

0 

0 

0 

1 

0 

0 

0 

\ 


f 

1 

0 

0 

0 

0 

0 

0 

\ 


0 

0 

0 

0 

1 

0 

7/2 




0 

1 

0 

0 

0 

0 

7 



0 

0 

0 

0 

0 

1 

-1/2 




0 

0 

1 

1 

-1 

0 

0 



1 

0 

0 

0 

0 

0 

0 


, y = 


0 

0 

0 

0 

-1 

0 

0 



0 

1 

0 

0 

0 

0 

7/2 




0 

0 

0 

1 

-1 

0 

0 



0 

0 

1 

0 

0 

0 

-1/2 




0 

0 

0 

0 

0 

0 

-1 


V 

0 

0 

0 

0 

0 

0 

-1 



[ 

0 

0 

0 

0 

0 

1 

-1 

/ 


To prove that PI = {x,y) = H 7 (p), proceed as in Proposition 13.71 □ 

Theorem 3.12. Let x,y as in dSD with b = a and q odd. Suppose that 

(i) a ^{ 0 , 1 , ± 2 }; 

(ii) a — 1 is a square in F*; 

(hi) F, = Fp[a]. 
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Then H = {x,y) = Q. 7 {q). Moreover, if q >7, then there exists a £ Fg satisfying 
conditions (i) to (iii) and the groups i^riq) are (2, H)-generated. 

Proof. By Condition (i) and Proposition 13.21 the subgroup H is absolutely irre¬ 
ducible. From Lemma [3.11 it follows that H < S 07 (( 7 ) and by Condition (ii) and 
Lemma [3.91 H < TlT{q). Let M he a maximal subgroup of ^ 7 ( 9 ) which contains 
H. Since H is absolutely irreducible, M ^ Ci. Moreover M cannot belong to C 2 by 
Lemma [nm Also, by (iii) we have Fp[a] = F^ and since a — 1 is a coefficient of the 
characteristic polynomial of xy (see (USD), the matrix xy cannot be conjugate to 
any element of 807 (^ 0 ), with q^ < q. Thus M ^ C 5 . Finally, M cannot be in class 
S. Indeed H cannot be contained in a subgroup isomorphic to Spg(2), by Lemma 
13.61 or isomorphic to G 2 {q), by Condition (i) and Lemma 15.101 We conclude that 
H = ^Iriq). 

The existence of some a satisfying all the assumptions (when q > 5) is quite 
clear (take a = -I- 1 for some suitable a £ F* of order q — 1). □ 

Remark 3.13. Taking 6 = 0 in ([5|) and proceeding as in the proof of previous 
theorems, for all g > 2 it is always possible to find a value of a £ Fg such that 
the corresponding group H is SL 7 (g). In other words, the elements x,y oi ([5]) are 
uniform (2, 3)-generators for all classical groups of dimension 7. 
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